• We present a method to generate high-order 3D curvilinear boundary layer meshes.
Introduction
The use of high-order methods in complex aeronautical geometries and their associated flows is attracting attention due to their low dispersion and diffusion errors and their potential to achieve exponential convergence [1] . However, before these methods are adopted by industry, there are a number of issues that must be addressed in order to meet industrial requirements. One of the main bottlenecks preventing the widespread industrial use of such methods is the generation of high-order curvilinear meshes for complex geometries and high Reynolds numbers [2, 3] .
In modelling the flow in boundary layers at high Reynolds numbers, computational efficiency dictates the use of high aspect ratio elements in the near-wall region. The element size in the direction normal to the wall is usually expressed in terms of a wall unit y + that can be written as y + = y L Re  C f 2 where y is the coordinate normal to the wall, Re is the Reynolds number, C f is the skin friction coefficient and L is the reference length used to calculate these non-dimensional coefficients. In order to adequately resolve the viscous sublayer near the wall, elements at the wall are typically required have a height no larger than y + = 1. Estimates of y + are usually obtained from empirical relations of the form C f = F(Re) [4] , where C f = O(Re −α ) with 2 ≤ α ≤ 3. When Re is high, this in turn leads to mesh stretching ratios of 1:1000 or even lower.
Current generation methods for linear unstructured meshes can be used to produce these stretched elements [5, 6] but the quality of the generated elements is very difficult to control. An alternative method is the use of a hybrid approach in which the mesh near the solid surfaces is generated by a hyperbolic type mesh generator whilst the region outside the viscous layer is discretized using a conventional approach [7] .
Techniques for the generation of unstructured high-order meshes, in which high-order information is projected onto a coarse linear grid in order to curve it, are a relatively new development [8] [9] [10] . The main challenge in generating such meshes is robustness, since near walls curvature must be introduced in such a way as to prevent self-intersecting elements. More recent approaches attempt to address this issue by projecting curvature into the interior of the domain, through the use of elastic analogies to deform the mesh where curvature is introduced [11, 12] , defining an optimization procedure to untangle invalid elements [13, 14] or utilizing Bézier polynomials to monitor the appearance of invalid elements in adaptive simulations [15, 16] .
When applied to the problem of boundary layer mesh generation, these methods follow a similar procedure: a linear mesh is generated which contains a stack of boundary layer elements near walls; boundary nodes are introduced onto the surface of each element in order to curve it and finally; this curvature is propagated into the interior of the domain to eliminate invalid elements. There are however some issues with this approach, the most serious being that there is no guarantee of obtaining a valid mesh at the end of the procedure. Additionally, these methods are all relatively expensive, meaning that when either high polynomial orders or large numbers of elements are desired for very thin boundary layer resolution, long generation times are required. The success of these methods in the generation of meshes possessing an arbitrarily thin boundary layer has therefore been limited.
In this article we propose a method which adopts a different approach to the generation procedure outlined above and that helps to address the problem of generating high-order meshes for high Reynolds number flows. The method is conceptually simple, cheap to implement and does not require a dense linear boundary-layer mesh. It is based on the use of an isoparametric [17] or, in general, a transfinite interpolation [18] where a high-order coarse boundary-layer prismatic mesh is subdivided into either prisms or tetrahedra using the mapping that defines the coarse high-order prisms. The procedure is also very versatile as it permits meshes with different distributions of y + to be generated with ease and furthermore, the validity of these meshes is guaranteed if the initial mesh is valid and the polynomial space is chosen appropriately.
The paper is organized in two main sections. Section 2 describes the various procedures involved in generating arbitrarily high-order boundary layer meshes suitable for these flows: the generation of the initial coarse mesh, the splitting of the prismatic elements into finer prisms or tetrahedra and the spacing distributions used to define the size of the finer sub-elements. Section 3 presents examples of application of the methodology to the generation of a highorder mesh for some selected aeronautical configurations: the ONERA M6 wing, a NACA 0012 wing and the front section of a representative Formula 1 car. A final section on conclusions follows. Section 2.1 describes some methods for generating a high-order hybrid mesh of prisms in the boundary layer and tetrahedra elsewhere starting from a straight-sided mesh. In particular we note that this procedure could lead to invalid elements in concave regions of the surface, and so a criterion to select a size of the prismatic elements in the boundary-layer based on the curvature of the wall is outlined. The idea of using a mapping provided by the high-order macro-elements of the initial coarse mesh to obtain a mesh suitable for high-Reynolds number flows is described in Section 2.2. The procedure for splitting the coarse boundary-layer mesh into a fine prismatic mesh whilst ensuring its validity is described in Section 2.3. The strategy for achieving fully valid tetrahedral meshes is presented in Section 2.4. Finally we outline the spacing function used to determine the sizes of sub-elements in Section 2.5, and show how this can be varied between elements to provide a spatially-aware refinement procedure.
Mesh generation strategy
This section describes a method to generate high-order meshes comprising of highly stretched elements. We first outline some techniques from the literature which lead to the generation of a high-order coarse mesh consisting of prisms in the boundary layer and tetrahedra elsewhere. We then describe how a finer mesh can be obtained by splitting the coarse prismatic elements (referred to hereafter as 'macro-elements') into finer elements, utilizing the mapping that defines each macro-element to insert the necessary curvature into sub-elements. Finally we describe how this technique can be further adapted to produce meshes containing only tetrahedral elements. The various steps involved are described in the following sections.
Generation of the coarse hybrid mesh
The method that we propose in the following sections relies on the generation of a high-order coarse grid, which we then refine. In order to place our refinement technique in the context of the mesh generation process, we begin by outlining some available techniques for the generation of such meshes.
If CAD data is available, then we may adopt a procedure such as the one described in [9] which we briefly summarize here for completion and depict in Fig. 1 . In broad terms, the high-order mesh generation steps are: the definition of a CAD boundary representation (B-Rep) of the computational domain; the generation of a hybrid mesh of linear prismatic and tetrahedral elements; and finally, the subdivision of this mesh into a mesh of high-order elements. The geometry of the computational domain is represented by means of CAD spline curves and surfaces to obtain a B-Rep of the computational domain. The linear mesh is then generated using an implementation of the method of advancing normals [19] to generate a boundary-layer mesh of triangular prisms near the walls in the computational domain. The advancing front technique [20] is then used to generate a mesh of regular tetrahedra for the rest of the domain.
The final step in the generation process is to insert high-order curvature information to produce the high-order mesh, which proceeds in a bottom-up fashion, starting with the edges, then the faces and finally the interior of the elements. This is the most troublesome aspect of the method as it could lead to the generation of invalid elements in the concave regions of the boundary of the computational domain. Fig. 2 illustrates that when the prismatic boundary layer is generated using a fixed width, some elements are not sufficiently large to prevent a self-intersection of the element once curvature information is introduced to the element.
To alleviate this problem, in this work we use a criterion based on the curvature of the surface to determine a lower bound for the boundary layer thickness that aims to prevent the intersection of the element with the surface. The curvature of the surface is obtained through interrogation of the B-Rep of the computational domain. Following the notation of Fig. 3 and considering a two-dimensional domain, we approximate a curve by its osculating circle [21] . Assuming that the radius of the osculating circle is R, and the size of the element along the curve is represented by the chord c, then the minimum length in the direction normal to the curve required to obtain a valid prismatic element, represented by δ, is given by
If c ≪ R, this requirement can be approximated by
To extend this method to surfaces in three dimensions, we simply interpret R as the smallest of the two principal radii of curvature of the surface and use the same criterion. Whilst this procedure does not necessarily guarantee the validity of the coarse mesh, it does frequently prevent the appearance of invalid elements.
Alternatively, we may use a number of techniques which are defined elsewhere in the literature. In particular we note that the elastic deformation and untangling procedures defined in the introduction may prove extremely useful here, where the number of elements is smaller than we would find in a boundary layer grid and the stretching ratio of elements is low. These factors combined mean that successful grid generation is more likely, and also the presence of fewer elements may support the use of higher polynomial orders. Additionally, we note that in cases where CAD is not available, for example in biomedical applications where surface meshes are derived from medical imaging, various commercial generator packages can be used to generate a very coarse linear grid, which can then be smoothed using a variety of high-order techniques [22, 23] and then combined with one of the aforementioned methods to produce a high-order grid. The rest of this section describes the main contribution of this work, which describes how the boundary layer mesh generated using any number of the techniques above can be refined to produce arbitrarily thin boundary layer meshes. The basis of this method is to use the isoparametric mapping which defines its curvature, which we describe in the next section. We then demonstrate how it can be used to generate either mixed prismatic-tetrahedral or fully tetrahedral meshes in the following sections.
The isoparametric approach
The refinement procedure relies on a definition of the coordinate mapping χ e
: Ω st → Ω e which projects a reference element Ω st to an element Ω e in the Cartesian domain. This mapping is illustrated in Fig. 4 . Although there are many ways to define χ e , here we adopt an approach in which χ e isoparametrically projects coordinates
Given polynomial orders P, Q and R for each component ξ i , we represent each component of χ e = (χ e 1 , χ e 2 , χ e 3 ) as a tensor product expansion of one-dimensional hierarchical modal functions, so that
In this expansion we assume P ≤ R, and map the standard prism Ω st onto a reference hexahedron through a collapsed coordinate system (η 1 , η 3 ) ∈ [−1, 1] 2 defined by
The use of the modified hierarchical expansion functions ψ a and ψ b , defined in [1] , is useful in the mesh generation process as it permits a decomposition of the element into modes which have non-zero support only on designated vertices, edges and faces of the element. If only edge-interior or face-interior curvature is provided for an element, then upon a transformation from the coefficient space (χ i ) pqr to an arbitrary set of quadrature points, the Cartesian positions of any volume-interior (or face-interior) points are blended in a linear manner from the curvature information that is supplied. Therefore, our existing mesh generation methodology only derives face-interior curvature information on a set of electrostatically-distributed triangular nodal points for faces of prisms representing the geometric surface. We assume without loss of generality that this face lies in the plane ξ 2 = −1 with respect to Ω st . It should be noted therefore that in the ξ 2 direction, only a linear expansion is required so that Q = 1 in (1). This curvature information is transformed to the coefficient space through a Galerkin projection to obtain (χ i ) pqr .
Splitting the boundary-layer mesh
The goal of the splitting process is to refine each macro-element in the wall-normal direction ξ 2 , so that at the wall surface the flattest prism is correctly sized to resolve a desired boundary layer thickness. Where the Reynolds number is high, extremely thin elements are required in order to resolve the high shear of the flow, and therefore the method must be capable of generating valid elements of large aspect ratio, even where the curvature of the surface is large. To guarantee the validity of the refined elements, we pick a refinement strategy which focuses on first splitting the standard prismatic element into a series of n smaller elements distributed by a spacing ∆ k for 1 ≤ k ≤ n. We then apply χ e in order to determine curvature information for each sub-element of the refinement. This projects the sub-elements back to Cartesian space, thereby splitting the original prism into curved prismatic sub-elements. This is depicted in Fig. 5 .
Assuming that we wish to produce n sub-elements for each boundary layer prism, we select a partition of [−1, 1] defined as −1 = x 0 < x 1 < · · · < x n = 1, for every element to be refined. This gives rise to a spacing distribution ∆ k = x k − x k−1 which denotes the width of each sub-element in the reference element as shown in Fig. 5 . The spacing of these points is unimportant in the following method. In order for the mesh to be conformal, we assume that n and ∆ k are fixed across all of the prismatic macro-elements, although in Section 2.5 we describe a method for varying ∆ k in more detail, if we relax the guarantee of mesh conformity.
Each prism is split by iterating over the number of sub-elements and constructing each one in a bottom-up fashion; that is, vertices are derived first, followed by edge-interior points and finally face-interior points. We calculate the position of these points inside Ω st , and then apply χ e at each point in order to compute the Cartesian coordinates. We note that edge and face interior points are only calculated for the two triangular faces of the sub-element, since the use of a linear expansion in the ξ 2 direction of the original prism means high-order information is not required.
If the high-order prismatic macro-element is valid, we can argue that the mesh is also valid after subdivision as follows. We will assume that the sides of the elements in the direction "normal" to the wall (ξ 2 ) are straight lines. For prismatic elements, the process of subdivision is equivalent to an orientation-preserving affine transformation which does not alter the sign of the Jacobian of the mapping and therefore guarantees the validity of the mesh. Additionally, the polynomial spaces which define both the sub-element and the macro-element in terms of the local coordinates ξ are identical, and therefore the use of the macro-element to define the sub-element mappings means they span an identical space and so have identical properties to the original element. This implies that even when the curvature on the surface is high, or indeed changes sign across a triangular face, the resulting sub-elements will still be valid. Fig. 6 . Splitting a valid prismatic element at polynomial order P = 20 into tetrahedra. Applying the mapping χ e leads to three valid tetrahedra (above), whereas preserving curvature on only a single face can lead to self-intersection of one or more tetrahedra (below).
Fully tetrahedral meshes
Many solvers do not have the capability of producing solutions on hybrid meshes, instead preferring to consider meshes containing only simplex elements (i.e. triangles and tetrahedra). This poses a considerable challenge for highorder mesh generation, particularly when extremely fine boundary layer elements are required.
One strategy is to adapt the prismatic boundary layer mesh by splitting each prism into three tetrahedra. Techniques such as the one presented in [24] are straightforward to implement and can be used to reliably split prismatic elements in a conformal manner. However these techniques are designed for linear finite element meshes. When curvature is introduced to the face of the tetrahedron lying on the surface of the geometry, and the prismatic element is sufficiently thin, then the lack of curvature on other faces causes the tetrahedron to self-intersect. This is illustrated in the lower half of Fig. 6 .
To bypass this problem, we demonstrate how the refinement in the section above can be extended to introduce curvature into each of the tetrahedral elements in such a way that the elements are valid, as depicted in the upper half of Fig. 6 . We begin by constructing the mappings χ e defined above for each prism in the hybrid mesh. For the tetrahedral elements which are to be generated, we define a reference tetrahedron
and a mapping ζ e , which for each tetrahedron is represented by an expansion of modal functions
where P ≤ Q ≤ R. We again utilize a collapsed coordinate system (η 1 , η 2 , η 3 ) ∈ [−1, 1] 3 with
and the additional modified hierarchical basis function ψ c is defined in [1] . Fig. 7 . Pascal's triangle of polynomial spaces in the (ξ 1 , ξ 2 ) plane. It is used here to illustrate that to guarantee that the polynomial representation is correct and thus the mesh valid, the space of the tetrahedral element (black outline) must contain that of the prismatic element (shaded). We are assuming the element is linear ( p = 1) in the ξ 1 direction.
We then proceed in a similar fashion to the prismatic splitting algorithm by first splitting the reference element of the prism, as opposed to the prism in Cartesian space. For each prismatic element in the domain, which we assume has been generated by the procedure in the previous section, we construct the isoparametric mapping χ e . Assuming that each vertex in the mesh has a unique identifying number, we split Ω prism st into three tetrahedra according to the criterion defined in [24] . This ensures that where two prisms are connected by a quadrilateral face, the face is split in a consistent manner and a conformal mesh is produced. High-order information is then inserted into each tetrahedron in a bottom-up fashion by evaluating χ e at positions in the standard prismatic element which correspond to the edge-and face-interior points. The insertion of this curvature information prevents each tetrahedron self-intersecting, leading to the generation of a valid mesh.
We must note here that if the prismatic mapping is linear in the ξ 2 direction (which is a typical situation for many meshes) we can also guarantee the curved tetrahedral elements have the same mapping properties as the original prismatic elements if the polynomial space is enriched. The requirement for obtaining a valid tetrahedral mesh after subdivision is that the polynomial space of the tetrahedral element must contain that of the prismatic element. If not, then there are terms in the mapping χ e which cannot be represented in the expansion ζ e , which may result in an invalid mesh.
In Fig. 7 we demonstrate this by representing the expansion spaces of representative quadrilateral and triangular faces, defined for P ≤ Q as
in the form of a Pascal's triangle. We see that in order for the condition on polynomial spaces to be satisfied, we require the triangle to have an expansion order of one greater than the quadrilateral, otherwise the cross-term ξ 1 ξ 3 2 is not contained within the triangular space.
Mesh spacing following a geometric progression
In this section we describe the form of the spacing function which determines the height ∆ k of each sub-element of the refined mesh. Recall that given a partition −1 = x 0 < · · · < x n = 1 of [−1, 1], we set ∆ k = x k − x k−1 for 1 ≤ k ≤ n. To generate a spacing which gradually refines the elements towards the boundary lying at ξ 2 = −1, we utilize a geometric progression
for 1 ≤ k < n with x 0 = −1 and fix x n = 1. The parameter r controls the relative sizes of elements, and ∆ 1 = ar − 1 is the height of the element closest to the boundary. Since in this formulation a is a function of r , we note that given a desired physical thickness (for example, a requirement for the element closest to the wall to have a thickness corresponding to y + = 1), one may derive the necessary value of r given n or vice versa. Fig. 8 illustrates a sequence of meshes with various values of r (and thus y + ) that can be obtained using this process. Additionally we note that if r = 1 as in Fig. 8(b) , then a is ill-defined. Since r = 1 corresponds to the case where all elements are of an equal size, we assume a uniform spacing so that ∆ k = 1 n . A further point to note is that a skin friction obtained from an empirical relation C f = F(Re) is usually derived using flat-plate calculations or regression based on experimental measurements. However, for complex geometries, there is usually no way to predetermine an exact value for C f , and therefore a simulation is required to calculate an accurate value. An empirical relation gives an estimate for an initial simulation, and based on a series of experiments where the mesh is further refined (or coarsened) an accurate value of C f can be obtained.
In addition, one can also smoothly vary the geometric factor as a function of spatial position so that different areas of the mesh receive varying levels of refinement. For each macro-element Ω e , we consider an elementally-varying spacing distribution ∆ e k . In order for the mesh to be conformal, it is clear that the splitting procedure must be altered slightly, so that the sub-elements which are produced connect correctly through quadrilateral faces. We consider a simple procedure where, for each of the three edges which connect the two triangular faces of a prism, we arbitrarily choose a spacing function from any of the prismatic macro-elements elements which share this edge. When each sub-element is constructed, we use the distribution of points previously defined on these three edges. The method then proceeds in an identical fashion. By adopting this simple technique we assume that ∆ e k varies smoothly so that the jump between different spacing distributions is not 'too large', or else the addition of high-order curvature may cause sub-elements to self-intersect.
We consider an example of this spatially-varying distribution in Fig. 9 , which depicts a staggered wing configuration. The thin trailing edge of each blade dictates that extremely small elements are required. When the mesh is split with a constant distribution of points, any solvers which have a CFL constraint are therefore forced to use a prohibitively small timestep in order to maintain a stable simulation. Whilst this problem could be solved without varying the spacing distribution by instead increasing the height δ of the macro-elements, here the close proximity of the two wings can cause issues when generating the volume mesh of tetrahedra in the space between the wings. In Fig. 9 . Example of a two-wing configuration in which the geometric progression r is varied as a function of space.
this case then, the use of a spatially-varying height distribution is essential, and we smoothly vary the ratio of element sizes so that at the leading edge r ≈ 2 whereas at the trailing edge r ≈ 1.
A remark on mesh quality
One of the most important aspects of mesh generation software is the ability to produce meshes containing not only valid but good quality elements. Poor quality elements generally translate to stability restrictions in the case of explicit hyperbolic problems, or to poor conditioning of matrices in the case of implicit elliptic and parabolic problems. Metrics for assessing the quality of high-order elements have only been recently investigated, and most measures of quality proposed so far quantify it by means of distortion with respect to an ideal element [25, 26] .
We note however that boundary layer meshes are intentionally highly stretched as there is an underlying desire to refine the mesh only where is necessary. Ideally, one should obtain a mesh with a number of elements which is sufficiently large to resolve the shear in the flow, but small enough to make it viable for computation. Any metric based solely on measuring the geometric distortion of elements will therefore undoubtedly show the presence of 'poor quality' elements; however, since the gradient of the flow is far smaller in the transverse direction of velocity compared to the normal component, these meshes are in fact well-suited to the fluid problems they are applied to [27] .
Nevertheless, it is certainly important to maximize the Jacobian of near-wall elements under the distortion constraint of the previous paragraph. In the context of our method, we note that for prismatic boundary layers, the spacing distribution gives rise to an orientation-preserving affine mapping between a given sub-element of Ω st and Ω st . The Jacobian of each sub-element of Ω e is therefore a scalar multiple of Ω e determined by the derivative of the affine mapping through an application of the chain rule. This calculation can be performed in a similar fashion for tetrahedral boundary layers, and we give a more detailed description of this process, together with more general mappings on a variety of element types, in other work [28] . In particular, this implies that the Jacobian of sub-elements can be maximized by applying an optimization technique to the coarse grid, since the resulting Jacobian of sub-elements is a function of the original coarse grid and the desired boundary layer thickness.
Applications to aeronautical geometries
In this section, we utilize the splitting techniques of Section 2 to produce boundary layer meshes for three complex aeronautical geometries in order to demonstrate the applicability of the technique in industrial problems. For each case, we consider a high-order coarse discretization at polynomial orders of 5 ≤ P ≤ 15 to show the viability of the method even at very high polynomial orders.
ONERA M6 wing
The ONERA M6 wing is a classic CFD validation case for external transonic flow. The description of the geometry is given in [29] . Here we use this case as an illustration of the methodology for generating high-order meshes for high Reynolds number flows. In a typical simulation of transonic flow, the Reynolds number has a value of around 10 5 , and therefore an extremely thin boundary layer is required in the wall-normal direction. However, in the transverse directions such high resolution is not necessarily required. Fig. 10 shows the initial coarse high-order surface mesh of the wing geometry coupled with a symmetry plane. The intersection of the symmetry plane with the boundary layer of the wing, composed of the prismatic macro-elements, is highlighted, with the remainder of the mesh comprising tetrahedral elements. In Fig. 11 we apply the splitting strategies from Section 2 to obtain a mesh with y + ≈ 5 at Re = 10 5 , where the skin friction C f is approximated using the Schlichting formula [4] C f ≈ (2 log(Re) − 0.65) −2.3 . Fig. 11(a) shows the hybrid prismatic-tetrahedral mesh that is obtained after the splitting algorithm is applied. In Fig. 11(b) we apply the prism to tetrahedron splitting technique of Section 2.4 to obtain a fully tetrahedral mesh. In all cases a valid mesh is generated, with no elements having negative Jacobian.
High Reynolds number flow over a NACA 0012 wing
To further demonstrate the applicability of our technique to our aeronautical simulations, we present meshes and qualitative results from simulations of high Reynolds number flows over a NACA 0012 wing with a α = 10 • angle of attack. This test case is fairly common but is challenging in terms of simulation due to the presence of highly transient flow dynamics, due to the formation of a strong wingtip vortex.
In this instance, although CAD data is available, we choose to highlight an alternative method of coarse grid generation. We utilize a typical commercial grid generator package (in this case STAR-CCM+) in order to generate a coarse linear grid comprising of prismatic elements in the boundary layer and tetrahedra elsewhere. To smooth the surface, we combine vertex normals which are calculated using the CAD surface information together with the spherigon patch technique [23] to produce a high order surface. For this test case, this approach is both efficient, straightforward and relatively robust so long as the prismatic boundary layer is sufficiently thick.
The valid coarse grid is visualized in Fig. 12 , with the boundary layer highlighted in blue together with the symmetry plane and bottom surface of the computational domain. In Fig. 13 we give a closer view of the prismatic boundary layer on the left, and on the right demonstrate how it can be refined using the technique of the previous section. In this case we use n = 3 layers with a geometric progression of r = 3 to generate a much finer grid in the wall-normal direction at a polynomial order of P = 5.
As a demonstration of both the validity of the refinement procedure, and the suitability of such meshes for high-Re flows, Fig. 14 shows a representative snapshot from a LES simulation at polynomial order P = 5 at a Reynolds number of Re = 5 × 10 5 . In the visualization we show streamlines of the velocity field which show that the vortex generated at the wingtip is successfully captured. Fig. 13 . Closer view of the NACA 0012 wing geometry near the leading edge of the wing where curvature of the surface is at its highest. The right hand figure shows the refined boundary layer which uses three layers and a progression ratio r = 3. 
Front section of a Formula 1 car
Finally, we consider a more complex example: the front section of a representative Formula 1 car. In this case, the goal is to refine a thin boundary layer around the main body of the car, as well as the wing and flap arrangement. Fig. 15(a) shows the high-order surface mesh of the full geometry. In Fig. 15(b) we show the extremely thin prismatic elements generated near the surface of the nose, which arise from splitting the macro-elements using a geometric progression ratio of r = 3. Once more we obtain a valid mesh.
Conclusions
We have presented a technique for generating highly stretched high-order boundary-layer meshes as required by current CFD solvers. The proposed technique is very effective, and modular in the sense that it can readily be combined with a number of existing coarse grid generation techniques in order to produce a mesh which is well-suited to boundary layer flows. Starting from a valid coarse prismatic boundary-layer mesh, our isoparametric approach permits the generation of a sequence of meshes with increased resolution with very little additional cost. This should prove valuable for mesh convergence studies at high Reynolds numbers. We have established requirements of validity for modal elemental shape functions, but the same arguments are also applicable to guarantee the validity of the mesh when using nodal shape functions.
The main limitation of the technique, as presented here, is the requirement that the subdivision of the prismatic mesh should be accomplished without affecting the rest of the mesh. Although extending the method to other cases is not a difficult technical issue, it will require the use of transition elements such as pyramids. Whilst this case is beyond the scope of this article, in [28] we give a more detailed description as to how one may split different element types. This goes some way towards solving this problem, and may offer the chance to extend this technique with new functionality, such as introducing variable numbers of boundary layer elements around the profile of an aerofoil.
